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
‖f‖ = sup {f(x); x ∈ X, ‖x‖ = 1} .
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    C ⊆ X 	 
   
[x, y] = {(1− t)x+ ty, t ∈ [0, 1]} ⊆ X,
  x, y ∈ X
  	
	




λixi 	 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  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f(x) ≤ α ≤ f(y),
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t ≥ 0  d ∈ C  td ∈ C   C       x0  C − x0 
     

  	
 C ⊆ X      x0       C 
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  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  C  
C∗ = {f ∈ X′; f(x) ≥ 0, ∀x ∈ C} .
  "  C∗     #    C = {0}  C∗ = X′
   $     f ∈ X′   x ∈ C   f(x) < 0  
   
$  C = {0}
( 
  ' 	
  )* 2.5
 	 	
 X = Rn  C = {x ∈ Rn; xi ≥ 0, i = 1, ..., n}  C∗ = C
+' 
 ' 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  f : U −→ Y

  # % f  $  &'$  x0   
   ! D : X −→ Y      h ∈ X 





"    D     f (1)(x0)        &
'  % f  x0 #  f  $       U 
   f  $
#          	 '  f  (k− 1)





f (k−1) : U −→ Lk−1 (X,Y) ,
  Lk−1 (X,Y)      	
  k 	
     X  Y
 f (k−1)  

	  x0 
   f  k   





L (X,Lk−1 (X,Y)) ≈ Lk (X,Y) ,


  f (k)(x0)  
  f
(k−1)  x0   	
 k	





  f  x0   !
    x ∈ U 
 





	   f : U −→ R     	




  f : U −→ R  x0  #  










  $        	
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  f (1)(x0)h
 f  
	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 x, y ∈ Rn  xy   
 	
  	 
  





" 	 	 
x ∈ Rn+ ⇔ xi ≥ 0, i = 1, ..., n.
 
	
  X = Rn Y = R  f : U −→ R  
	
	  x0 
f (1)(x0)   
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(x0)  	 
   f   
  		 xi  x0    








    	  f  x0     h ∈ Rn   
   
 f  x0   	 h
   f = (f1, ..., fm) : U −→ Rm 	  x0   
 
f (1)(x0) : Rn −→ Rm 
   
  	             




















 i = 1, ...,m   
      fi      !
       "  	   f  x0
 f = (f1, ..., fm) : U −→ Rm #  $ f      C k (U)  f ∈ C k (U) $
%     "   U     	  
       k   & 
   f  #!   k!  	  f  
 x0   
 k!
f (k)(x0) : R




f (k)(x0)(x1, ..., xk) =
⎡⎢⎣ f
(k)




m (x0)(x1, ..., xk)
⎤⎥⎦ ,

  (x1, ..., xk) ∈ Rn × ... × Rn   
  f (k)(x0)     
"          %     C > 0  $
‖f (k)(x0)(x1, ..., xk)‖ ≤ C‖x1‖...‖xk‖

  (x1, ..., xk) ∈ Rn × ...× Rn ' ()* +,-
.      
 f (k)(x0)   k−
f (k)(x0)[·]k : Rn −→ Rm
 
f (k)(x0)[x]
k = f (k)(x0)











h ∈ Rn; f (k)(x0) [h]k = 0
}
   k 	
 

 f (k)(x0)[·]k : Rn −→ Rm
 	
























i!(k − i)! 	 f
(k)(x0) [h]
k−i [w]i = f (k)(x0)
⎛⎝h, ..., h︸ ︷︷ ︸
k−i







  h 




k−1 : Rn −→ Rm,

f (k)(x0)[h]
k−1x = f (k)(x0)






















k−1x = f (k)i (x0)(h, ..., h, x).
  
 
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  f ∈ H′ 		   xf ∈ H 
 	
f(x) = 〈x, xf〉H ,
	 〈·, ·〉H   	  	
 H
+ !





   
	 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, Rn   	






  	 































  	 	 Mm×n (R) 	





 	 f (k)(x0)[h]
k−1 : Rn −→ Rm 
   			
































*   f : U −→ Y  	
  
 {x0 + th; t ∈ [0, 1]} ⊆ U 

‖f(x0 + h)− f(x0)− T (h)‖ ≤ sup
t∈[0,1]
∥∥f (1)(x0 + th)− T∥∥ . ‖h‖ ,
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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   2B      B 
	
 Φ : A −→ 2B    	

-	. (X, d)  	
  








 d (x,X2) = inf
y∈X2
d (x, y)  0
 		 
 1	
 d (X1,X2) 	 d (X2,X1) 		 
2 	 3
4 )H * 		 
 
.
 X1 	 X2 
  
H (X1,X2) = max {d (X1,X2) , d (X2,X1)} .
/
	




 	 X 

    	 3
4  5	
	   
 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	 	

































    (X, d)  	   Φ : Y ⊆ X −→ 2X  	
 
 Φ   	
     ! θ ∈ (0, 1)  
H (Φ(x1),Φ(x2)) ≤ θd(x1, x2),






   
 
	  
 	      
  	 
   !	
 
 "	#$%   (X, d)  	
 

 Φ : Bε (x0) −→ 2X  	
 
 Φ(x) = ∅ 
  

 x ∈ Bε (x0) =
{x ∈ X; d(x, x0) < ε}  

    
 θ ∈ (0, 1)  
 H (Φ(x1),Φ(x2)) ≤ θd(x1, x2)  

 x1, x2 ∈ Bε (x0)
 d(x0,Φ(x0)) < (1− θ)ε.

   η 
   




 x ∈ B η
1−θ







 x    
	#    
d(x, x0) ≤ 2
1− θd(x0,Φ(x0)).
  





H (X1,X2) = inf {‖x1 − x2‖ ; xi ∈ Xi, i = 1, 2} ,

 H    &
'





















     T : X −→ Y  

   b ∈ Im(T ) 
  $ 




 Ker(T ) = {x ∈ Rn;Tx = 0} 


L = x̃+Ker(T ),





 	  T : X −→ Y 
  	#
Φ : X −→ 2X,
* 
Φ(x) = x− {T}−1 g(x),
 g  #  X  Y 	 / Im(g) ⊆ Im(T )  {T}−1 : Y −→ 2X ( * 






   	 x̂ ∈ X 
   g(x̂) ∈ Im(T ) 
Φ(x̂) = {x ∈ X;T (x̂− x) = g(x̂)} = x̃+Ker(T ),
	 x̃   T (x̂− x̃) = g(x̂)






{‖y‖−1 inf {‖x‖ ; x ∈ X, T (x) = y}} .  
  Im(T ) = Y 
∥∥{T}−1∥∥ < ∞
 	
   
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 α > 0
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{‖y‖−1 inf {‖x‖ ; x ∈ Rn, αTx = y}} < ∞.
#

























 (2.3)  0 '




  T  % 	
  

 x ∈ Rn  $
αTx = y 

T (x− x̂) = 0

(x− x̂)t x̂ = α−1 (x− x̂)t T t (TT t)−1 y








'	    

‖x‖2 = ‖x̂+ x− x̂‖2






   ‖x̂‖ = inf {‖x‖ ; x ∈ Rn, αTx = y} 	
  T̂ = T t (TT t)−1 
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 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
0 x, y ∈ Rn 
x = y ⇔ xi = yi, i = 1, ..., n
x  y ⇔ xi ≥ yi, i = 1, ..., n
x ≥ y ⇔ x  y  x = y
x > y ⇔ xi > yi, i = 1, ..., n.
  	 1+
  
   ,- 2  	
 	 
	 A ∈ Rm×n 



















y1 ≥ 0, y2  0
  (y1, y2, y3) ∈ Rm × Rr × Rs
  	    	
   
 
 
 A ∈ Rm×n 
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 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y1 > 0, y2  0
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#	 f : U ⊆ X −→ R Qi ⊆ X i = 1, ..., n   #!#
   #
 # 2  Qn+1 ⊆ X
#
 # ! #
 #

.! #/!/  "   #!#
 Qi i = 1, ..., n #
  
% 	
	/!		  Qn+1  
% 	 /!		 	 $
1 /!#
  # 
 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  h  
	   	  f   x0 
	
 
	 		 V  h α < 0  t0 > 0 	 
 		  t ∈ (0, t0)  
	
 v ∈ V

f(x0 + tv) ≤ f(x0) + tα.
	  D(f, x0)  
 	   	  f   x0  !
 f 
	 "
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   Qi  		
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 
      
 h
   
  Qi 	 	
 x0 	 
  		 V  h  t0 > 0

   
 t ∈ (0, t0)   v ∈ V 

x0 + tv ∈ Qi.
	
  F (Qi, x0)  		
   
  Qi 	 	
 x0  

Qi  
  	 F (Qi, x0)  	
  	
	
   Qn+1  		
  




  Qn+1 	 	
 x0 	 
 t0 > 0 
   




x(t) = x0 + th+ r(t) ∈ Qn+1
  
 r(t) ∈ X  
    		 V   1
t





 ‖r(t)‖ = o(t) 	




  Qn+1 	 	
 x0  
 Qn+1  
  	 T (Qn+1, x0) 
	
 	 
 	 	 	 	 	
 	

   F (Qi, x0) D(f, x0)  T (Qn+1, x0)  		
   






"# F (Qi, x0)   	 $
  
  0 i = 1, ..., n%
"# D(f, x0)   	 $
  
  0%
"# T (Qn+1, x0)   	  
  0
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Ci = ∅   	
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 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   x0 ∈ Q =
n+1⋂
i=1
Qi   	   '$ (2.4)
	 
 δ > 0 
  f(x0) ≤ f(x)  
 x ∈ Bδ (x0) ∩Q ( f(x0) < f(x) 

 x ∈ Bδ (x0) ∩ Q   x0   	  

  	  f(x0) ≤ f(x)
 
 x ∈ Q x0   	 $  '$ (2.4)
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 Qi i = 1, ..., n    x0  

    Ci i = 1, ..., n   
 

 Qn+1    x0  

   Cn+1 ! "    gi ∈ C∗i  i = 0, ..., n + 1
 





   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	 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 x0  	 
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 
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   
  f  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   &
' % 	$ 	  # % ( ) h ∈ Ci i = 0, ..., n+1    

 Ci i = 0, ..., n ) 	 "$ V  h  t0 > 0  	   t ∈ (0, t0) 
v ∈ V 




 x0 + tv %"  (	
f(x0 + tv) ≤ f(x0) + tα
 (	 α < 0
' h # 	   ( (   x(t) = x0+th+r(t) ∈ Qn+1  ‖r(t)‖ = o(t)
*+ t1 > 0  	   t ∈ (0, t1) 1
t
r(t) ∈ V − h  # h(t) = h + 1
t
r(t) ∈ V ,(
 0 < t <  {t0, t1}   x(t) = x0 + th(t) %"





x(t) = x0 + th(t) = x0 + th+ r(t) = x0 + tv ∈ Qn+1,
 v ∈ V - 	  x(t) # %
     (2.4)  # %" 
(	
f(x(t)) = f(x0 + th(t)) ≤ f(x0) + tα < f(x0).
 #  
"  %  x0  	 " 
    (2.4)  
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 i = 0, ..., n 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	
	 	  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 gi ∈ C∗i 





5	  	&# 		  4 	 *	 g0 		 	  	 	  &#
  6C∗07  *  %	 $	  *	  
 	
     	
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n+1⋂
i=1
Ci = ∅ 
 g0 = 0
8	 *	







gi − g0 = 0.
$ 4 





  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	 3	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 g0 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   f : U −→ R
    h ∈ D(f, x0)  f (1)(x0) 
 

f (1)(x0)h < 0;




h ∈ X; f (1)(x0)h < 0
}
 f " #!  
;








	  g : U −→ R  
   
Q = {x ∈ U; g(x) ≤ g(x0)} .
      	       	  	
D(g, x0) ⊆ F (Q, x0);
  g    g(1)(x0) = 0 
F (Q, x0) =
{
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 x0  	   Q  F (Q, x0) = X   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
F ∗(Q, x0) = {0}! "	  	
 		  	 
   x0  	 	  Q!
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
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 

  	  	
	    	  	
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 F : U −→ Y  U 
	 #$		
 x0 F (x0) = 0  $	
   F
(1) (x0)  %! &    
	 		   Q = {x ∈ X;F (x) = 0}   x0   '  	 	
F ′ (x0)  
T (Q, x0) = KerF
(1) (x0) .
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		 	  	  F (1) (x0) + , 
-
 
   
#+ T (Q, x0) ⊆ KerF (1) (x0) .
    / 0
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  1# ,  0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
 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C∗ = {f ∈ X′; f(x) = 0, ∀x ∈ X} ;
  f ∈ X′ 
 	 	 (	  C = {x ∈ X; f(x) ≥ 0} 
C∗ = {λf ;λ ≥ 0} .
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 x ∈ M = Mg ∩MF " #$%
 f : U −→ R 	&'" U ⊆ Rn   
  '
"
Mg = {x ∈ U; gi(x) ≤ 0, i = 1, ..., s} , #$(
MF = {x ∈ U;F (x) = 0} , #$#
F : U −→ Rm  g : U −→ Rs  	 	&'$
)
 
I = {1, ..., s} ,
J = {1, ...,m} ,
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j (x0) = 0, #$/
μigi(x0) = 0, i ∈ I. #$0
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T ∗(M, x0) = L ∗ (M, x0) ,
 	
T (M, x0) = {d ∈ Rn; ∃ (xn) ⊆ C  (tn) ⊆ R+\{0} 
 	 xn → x0  tn(xn − x0) → d}
    
L (M, x0) = {d ∈ Rn; g(1)i (x0)d ≤ 0, i ∈ I(x0)  F (1)(x0)d = 0}
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f (1)(x0) ∈ T ∗(M, x0),
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 	
 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i (x0)z < 0, i ∈ I(x0)
F
(1)
j (x0)z = 0, j ∈ J
 F
(1)
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 f(x) = x23 − x1 − x2
"	# 
 x ∈ M = Mg ∩MF ,

Mg = {x ∈ R3; g(x) = (x21 + x22 + x23)(x2 + x1) ≤ 0}
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3)(x2 + x1) ≤ 0 ⇒ −x2 − x1 ≥ 0.
 x23 ≥ 0    x 	 
f(x) = x23 − x1 − x2 ≥ 0 = f(x0).
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L (M, x0) = R
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L ∗(M, x0) = {0}.
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(r)
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F (r)(x0) = 0, r = 1, ..., p− 1 *+.-
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q−1, i ∈ I(x0)  F (p)j (x0)[h]p−1, j ∈ J
 
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#
$		 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q = p = 1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 !5&'()   &'()
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Hg(x0) =
{






h ∈ Rn;F (p)(x0) [h]p = 0
}
. 79
:	   6 Hg(x0)  HF (x0) 	 		 	     q5;




 g ∈ C q+1 (U)  F ∈ C p+1 (U)# $	
 	 
 &
' (3.6)  (3.7)
 
"
  x0  	 (
 h ∈ (Hg(x0) ∩HF (x0)) \ {0} 
 	  ! )
  x0#
*+ ( α0 > 0 	 	  	
 

 y : (0, α0) −→ Rn 
 	
F (x0 + αh+ y(α)) = 0

gi(x0 + αh+ y(α)) = 0, i ∈ I(x0),
 ‖y(α)‖ = o(α)#
 	
# <6	 α > 0 R > 1 ε =
α
R
 s0 = |I(x0)|  h ∈ (Hg(x0) ∩HF (x0)) \ {0} 	
 !5&'()  		  x0 <!	 		  	  		  ‖h‖ = 1 
p ≥ q "  	 
 Φ : Bε (0) −→ 2Rn 
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Π(x0 + αh+ y) =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
αp−qgi1(x0 + αh+ y)

αp−qgir0 (x0 + αh+ y)
F1(x0 + αh+ y)

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 Γ(αh)   !"
#     $
    	
%&' Φ  (  
    )
*
  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  x̂ ∈ Rn 	  
Γ(αh)x̂ = Π(x0 + αh+ x),

  0
x̂ ∈ {Γ(αh)}−1Π(x0 + αh+ x).
$0 x− x̂ ∈ Φ(x)  * Φ(x) = ∅
2$ 
    Φ(x)  %  %
0       3
 (zn) ⊆ Φ(x)
	   zn → z $   n ∈ N 1  0
zn = x− qn,
 
qn ∈ {Γ(αh)}−1 Π(x0 + αh+ x),
  
	0
Γ(αh)(x− zn) = Π(x0 + αh+ x). 
45 n → ∞  
$	 (3.11)0  
Γ(αh)(x− z) = Π(x0 + αh+ x),

  0
x− z ∈ {Γ(αh)}−1 Π(x0 + αh+ x)
   





 		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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  y1, y2 ∈ Bε(0)  H (Φ(y1),Φ(y2))  	
 	 Φ(y1)  Φ(y2)  	 
 H     2.5     2.6    2.4
	
H (Φ(y1),Φ(y2)) = inf {‖z1 − z2‖ ; zi ∈ Φ(yi), i = 1, 2} ,
  zi = yi − xi  xi  	  Γ(αh)xi = Π(x0 + αh+ yi).
  ! vi = Π(x0 + αh+ yi) i = 1, 2 	
H (Φ(y1),Φ(y2)) = inf {‖z1 − z2‖ ; Γ(αh)(yi − zi) = vi, i = 1, 2}
= inf {‖z1 − z2‖ ; Γ(αh)(z1 − z2) = Γ(αh)(y1 − y2) + v2 − v1}
≤ ∥∥{Γ(αh)}−1∥∥ ‖v1 − v2 − Γ(αh)(y1 − y2)‖ "#$%&
≤ ∥∥{Γ(αh)}−1∥∥ sup
t∈[0,1]





∥∥∥Γ̂(t, α, y1, y2, h)∥∥∥ ‖y1 − y2‖ , "#$'&

Γ̂(t, α, y1, y2, h) = Π
(1)(x0 + αh+ y2 + t(y2 − y1))− Γ(αh),
  (3.12)  (3.13)   	 	   2.7  2.3 		
   (3.14)    ( 2.1
( )  *  Π(1) 	





















































































































































































































 î ∈ I(x0) 	∥∥∥Γ̂(t, α, y1, y2, h)∥∥∥∞ =
=
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   	 
 ĵ ∈ J  ∥∥∥Γ̂(t, α, y1, y2, h)∥∥∥∞ =
=





























































































































 	 (3.15) 







 		 	 		 	 	
  R ≥ 4CC1   	
  	 (3.14)  (3.16) 











‖y1 − y2‖ .
 Φ   

 
 d(0,Φ(0))  		 
 0  Φ(0) 	 
d(0,Φ(0)) = inf {‖x‖ ; x ∈ Φ(0)}
= inf {‖x‖ ; Γ(αh)x = Π(x0 + αh)}






















































 !  		"   
 2.7   #




 α0 > 0 $	 !   	
   
 2.4 %	  	&
 y(α) : (0, α0) −→ Rn  !
y(α) ∈ Φ(y(α)),
	 





 		 	 		 	 	
 
F (x0 + αh+ y(α)) = 0.
































































Π(x0 + αh+ y) =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
gi1(x0 + αh+ y)

gis0 (x0 + αh+ y)
αq−pF1(x0 + αh+ y)





      
        p ≥ q 
     g ∈ C q+1 (U)  F ∈ C p+1 (U)  	
	   
 (3.6)  (3.7)
	   x0    h ∈ (Hg(x0) ∩HF (x0)) \ {0}        x0
 w ∈ Rn\ {0}  
F (p)(x0)[h]
p−1w = 0  g(q)i (x0)[h]
q−1w = 0, i ∈ I(x0).
!
	"  α0 > 0 #$

 
	   $	 y : (0, α0) −→ Rn  
F (x0 + αh+ α
3/2w + y(α)) = 0

gi(x0 + αh+ α
3/2w + y(α)) = 0, i ∈ I(x0),






 		 	 		 	 	
 	
    α > 0 ε = α3/2 h ∈ (Hg(x0) ∩HF (x0)) \ {0}  	
  
  x0  
 w ∈ Rn  	
 F (p)(x0)[h]p−1w = 0 g(q)i (x0)[h]q−1w = 0,
i ∈ I(x0)  
      	
 ‖h‖ = ‖w‖ = 1  p ≥ q
  

 Ψ : Bε (0) −→ 2Rn 
Ψ(y) = y − {Γ(αh)}−1 Π(x0 + αh+ α3/2w + y),
 Γ(αh) : Rn −→ Rs0+m     (3.10) 
Π(x0 + αh+ α
3/2w + y) =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
αp−qgi1(x0 + αh+ α
3/2w + y)

αp−qgis0 (x0 + αh+ α
3/2w + y)
F1(x0 + αh+ α
3/2w + y)





!    " # $   3.1 	
  

 Ψ  
%  ! &    '

( )* 2.4+
  y1, y2 ∈ Bε(0)  H (Ψ(y1),Φ(y2))  ,   Ψ(y1)  Ψ(y2)     -

. H  /  $  * 01  2    * 2.6   32$
5 
H (Ψ(y1),Ψ(y2)) = inf {‖z1 − z2‖ ; zi ∈ Ψ(yi), i = 1, 2} ,
 	
 zi = yi − xi  xi   	
 Γ(αh)xi = Π(x0 + αh+ α3/2h+ yi).
/ 4 ui = Π(x0 + αh+ α
3/2h+ yi) i = 1, 2 
H (Ψ(y1),Ψ(y2)) = inf {‖z1 − z2‖ ; Γ(αh)(yi − zi) = ui, i = 1, 2}
= inf {‖z1 − z2‖ ; Γ(αh)(z1 − z2) = Γ(αh)(y1 − y2) + u2 − u1}
≤ ∥∥{Γ(αh)}−1∥∥ ‖u1 − u2 − Γ(αh)(y1 − y2)‖ )567+
≤ ∥∥{Γ(αh)}−1∥∥ sup
t∈[0,1]





∥∥∥Γ̃(t, α, y1, y2, h, w)∥∥∥ ‖y1 − y2‖ , )506+

Γ̃(t, α, y1, y2, h) = Π
(1)(x0 + αh+ α
3/2w + y2 + t(y2 − y1))− Γ(αh),
 
 (3.19)  (3.20)  2     * 2.7  2.3  $
   





 		 	 		 	 	
  	
    Π(1) 	
Π(1)(x0 + αh+ α








(x0 + αh+ α








(x0 + αh+ α




1 (x0 + αh+ α





m (x0 + αh+ α
















































































































 ∥∥∥Γ̃(t, α, y1, y2, h, w)∥∥∥∞ =
=













































































 î ∈ I(x0) 
∥∥∥Γ̃(t, α, y1, y2, h, w)∥∥∥∞ =
=









































































 ĵ ∈ J 
 ∥∥∥Γ̂(t, α, y1, y2, h)∥∥∥∞ =
=




























































 		 	 		 	 	
  	



































 	    (3.21)  (3.22)
 	


































 	  α > 0 	    Ψ  	 
 	  d(0,Ψ(0))     0  Ψ(0) !	
 	
d(0,Ψ(0)) = inf {‖x‖ ; x ∈ Ψ(0)}
= inf
{‖x‖ ; Γ(αh)x = Π(x0 + αh+ α3/2w)}





αp−qgi1(x0 + αh+ α
3/2w)

αp−qgis0 (x0 + αh+ α
3/2w)
F1(x0 + αh+ α
3/2w)





































































































































































(3.24) 	   
   

 F (p)(x0)[h]
p−1w = 0 g(q)i (x0)[h]
q−1w =
0, i ∈ I(x0)  (3.25) 
  α0 > 0  		 	   
 
  2.4 !  "
 y(α) : (0, α0) −→ Rn  
y(α) ∈ Ψ(y(α)),
 
gi(x0 + αh+ α





 		 	 		 	 	
 
F (x0 + αh+ α


































































Π(x0 + αh+ y) =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
gi1(x0 + αh+ α
3/2w + y)

gir0 (x0 + αh+ α
3/2w + y)
αq−pF1(x0 + αh+ α3/2w + y)

αq−pFm(x0 + αh+ α3/2w + y)
⎤⎥⎥⎥⎥⎥⎥⎥⎦
  
  		   




     p ≥ q 
     x0  	
  
  (3.1) f ∈ C (U) g ∈ C q+1 (U) 
F ∈ C p+1 (U)     
 (3.6)  (3.7)    x0   
h ∈ (Hg(x0) ∩HF (x0)) \ {0}    !" # $%
  x0 &











 	    x(α) = x0 + αh+ y(α)  
 ‖y(α)‖ = o(α3/2) 	  
F (x0 + αh+ y(α)) = 0
 
gi(x0 + αh+ α




 i /∈ I(x0) 
 
  
	 α > 0  	  	    
 	  
gi(x(α)) < 0  x(α)  	   
 







 		 	 		 	 	
  	  
 	
  	  f  

f(x(α)) = f(x0 + αh+ y(α))
= f(x0) + f
(1)(x0)(αh+ y(α)) + o(α)
= f(x0) + αf
(1)(x0)h+ f
(1)(x0)y(α) + o(α)
≤ f(x0) + αf (1)(x0)h+










∥∥f (1)(x0)∥∥ ‖y(α))‖+ o(α)
α
)




 	  
  
 	









f(x(α)) = f(x0 + αh+ y(α)) < f(x0),
 
 	   	
 x0 
   	  	 !"
 (3.1)
!   
 
















	  −f (1)(x0)h < 0 ! f (1)(x0)h = 0 
     x0  	
  
  (3.1) f ∈ C 2 (U) g ∈ C q+1 (U) 
F ∈ C p+1 (U)     
 (3.6)  (3.7)    x0   
h ∈ (Hg(x0) ∩HF (x0)) \ {0}    !" # $%
  x0   w ∈ Rn\{0}  
F (p)(x0)[h]
p−1w = 0  g(q)i (x0)[h]
q−1w ≤ 0, i ∈ I(x0).
&
f (1)(x0)w ≥ 0.
 	
 ! "	  
 
 w = 0  

F (p)(x0)[h]
p−1w = 0, g(q)i (x0)[h]
q−1w ≤ 0, i ∈ I(x0)


f (1)(x0)w < 0.
%	

















 		 	 		 	 	
  	  
		 Fj(x0)[h]
p−1, j ∈ J 	 g(q)i (x0)[h]q−1, i ∈ I0  			 	
			  	 	  		  
 x(α) = x0 + αh + α
3/2w + y(α) 	
‖y(α)‖ = o(α3/2)  	
gi(x(α)) = gi(x0 + αh+ α
3/2w + y(α)) = 0, i ∈ I0
	
F (x(α)) = F (x0 + αh+ α
3/2w + y(α)) = 0.
    i ∈ I−  	





















































































 		 α > 0 				 		  	 gi(x(α)) ≤ 0 i ∈ I(x0) 	  i /∈ I(x0)
	    	 	 α > 0  	 gi(x(α)) < 0 	    α > 0
				 		 x(α) = x0 + αh+ α
3/2w + y(α)   !
	   "#	 (3.1)
"     	 	 $%   & f  	
f(x(α)) = f(x0 + αh+ α
3/2w + y(α))
= f(x0) + f
(1)(x0)(αh+ α
3/2w + y(α)) + o(α3/2)
= f(x0) + α
3/2f (1)(x0)w + f
(1)(x0)y(α) + o(α
3/2)
≤ f(x0) + α3/2f (1)(x0)w +










∥∥f (1)(x0)∥∥ ‖y(α)‖+ o(α3/2)
α3/2
)





 		 	 		 	 	
   	 
 	
 	    	 
 α > 0 	  
 
f(x(α)) = f(x0 + αh+ α
3/2w + y(α)) < f(x0),
  
   
 x0 	  
  






	        	
 




  # 
 $	%&' (# 2.11)  	 	

	     	
 	  		 
 # 3.2   	 
	 	 




,   
    h 	





	  	  	 ,    







p−1 j ∈ J , " 	  - 	  		  #
 
 *'	% (# 2.14)   










	 	 	 
	 	 
	
     
 # 
 $	%&' 0	 , 
    

   # 
 $	%&' (# 2.11)  
  1234  	 	
	     
	 
	 
  	   x0  	
  
  (3.1) f ∈ C 2 (U) g ∈ C q+1 (U)
 F ∈ C p+1 (U)     
 (3.6)  (3.7)    x0  
 h ∈ (Hg(x0) ∩HF (x0)) \ {0}    !" # $%
  x0 &  $













p−1 = 0, (563)
μigi(x0) = 0, i ∈ I. (567)
 	
 8	
	    
& f̃(x0)(x)













































      f̃(x0) g̃i(x0) i ∈ I(x0)   F̃ (x0) 	       h    
	 
 (3.28) 
  	 	  
 3.4   3.3  
	
f̃(x0)(x) = f
(1)(x0)x ≥ 0 = f (1)(x0)h = f̃(x0)(h),
 		 x    	 	 
 (3.28) 		 h  
 











 (3.28)  	    

	 	 	          
f̃(x0)  
 h 	 	         Mg̃(x0)  
 h 	 	      M ˜F (x0)  
 h  
	   	     
   
" 	
	 	 C0 	 	           f̃(x0)  
 h 	





 	 )  f̃ (1)(x0)(h)  	      	 
 






















 		 	 		 	 	
   i ∈ I(x0) 	 




  Mg̃i(x0) =
{x ∈ Rn; g̃i(x0)(x) ≤ 0} 

















(C1)i = {x ∈ Rn; g̃i(x0)(x) < 0}


(C∗1)i = {−θg̃i(x0);μi = μi(h) ≥ 0} .




























































 F (p)(x0) [h]
















 2.15	  
   
 
C∗2 = {x; xy = 0, ∀y ∈ C2} . #,,-$
.&
 +














 −λ ∈ Rm	 
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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 
 	 	   
 


































































 μi = 0 i /∈ I(x0)  " 	  μigi(x0) = 0 i ∈ I 	
 (3.27) #
$ " θ = 0    
 
 	%  &'(  " 	 (3.26) 
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⎡⎣ 2x2 + 6x1 2x1 + 2x2 2x32x1 + 2x2 6x2 + 2x1 2x3
2x3 2x3 2x2 + 2x1
⎤⎦⇒ g(2)(x0) =

































⎡⎣ 6x1 0 00 −6x2 0
0 0 12x3
⎤⎦⇒ F (2)(x0) =













h ∈ R2;h31 − h32 + 2h33 = 0
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i ∈ I(x0)  F ∈ C p+1 (U)  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   
 (3.6)  (3.7)    x0

 q     h ∈ (Hg(x0) ∩HF (x0)) \ {0} 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
  x0 & 

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p−1d = 0, j ∈ J
%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   d ∈ Rn
 	
 '	( z ∈ Rn  	 )	 *  	+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p−1, j ∈ J  		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				" 	)	 	 /	 3.2 )	 	$	  

x(α) = x0 + αh+ α
3/2z + y(α)" 	 ‖y(α)‖ = o(α3/2)"  )	
F (x(α)) = F (x0 + αh+ α
3/2z + y(α)) = 0.
0!"  
 i ∈ I(x0) +$ 	   	$ 	  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0" 	$	 α > 0 +
				 	)	  )	 gi(x(α)) < 0 	 "  α > 0
+
				 	)	 x(α) = x0 + αh+ α
3/2w + y(α)  
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f(x(α)) = f(x0 + αh+ α
3/2z + y(α))
= f(x0) + f
(1)(x0)(αh+ α
3/2z + y(α)) + o(α3/2)
= f(x0) + αf
(1)(x0)h+ α
3/2f (1)(x0)z + f
(1)(x0)y(α) + o(α
3/2)
≤ f(x0) + αf (1)(x0)h+ α3/2f (1)(x0)z +


















1/2f (1)(x0)z + α
1/2
∥∥f (1)(x0)∥∥ ‖y(α)‖+ o(α3/2)
α3/2
)
= f (1)(x0)h < 0.

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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  
  α > 0 
   
f(x(α)) = f(x0 + αh+ α
3/2z + y(α)) < f(x0),
    x0   !    " (3.1)#
   
 −f (1)(x0)h < 0	 "

  −h ∈ HF (x0)  
 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
   x̂(α) = x0 − αh− α3/2z + ŷ(α)	 
 ‖ŷ(α)‖ = o(α3/2)	  
F (x̂(α)) = F (x0 − αh− α3/2z + ŷ(α)) = 0.




i (x0)[−h]q−1(−z) < 0	 i ∈ I(x0)# &	

  α > 0 
    x̂(α) = x0 − αh − α3/2z + ŷ(α)  
%  (3.1)  
f(x̂(α)) = f(x0 − αh− α3/2z + ŷ(α)) < f(x0),
 #  	 f (1)(x0)h = 0#
'(
  d ∈ Rn   
  

 (3.35) 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p−1	 j ∈ J "      3.2   z+d	 
 
  x̃(α) = x0 + αh+ α
3/2(z + d) + ỹ(α)	 
 ‖ỹ(α)‖ = o(α3/2)	  
F (x̃(α)) = F (x0 + αh+ α
3/2(z + d) + ỹ(α)) = 0.
&  
	         %  
	 
 
α > 0 
      x̃(α) = x0 + αh + α
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f(x(α)) = f(x0 + αh+ α
3/2(z + d) + y(α)) < f(x0),
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g
(q)
i (x0)[−h]q−1(−z) < 0 i ∈ I(x0)
 &%   	 3.3  	
⎧⎨⎩
f (1)(x0)d < 0
g
(q)
i (x0)[−h]q−1d ≤ 0, i ∈ I(x0)
F
(p)
j (x0)[−h]p−1d = 0, j ∈ J
 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 d ∈ Rn











j (x0)[−h]p−1 = 0
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−βig(q)i (x0)[h]q−1z = 0   	
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 	 μi = βi = 0
i ∈ I(x0) 
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	 μi = 0 i /∈ I(x0) 
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H1 :    '
' 
 x0
H2 : -.   '
' 
 x0, f
(1)(x0)h = 0 
   	
H3 : -.   '
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 x0 
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p−1 = 0 μi ≥ 0 
 μigi(x0) = 0
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μ = μ(h) ∈ Rs0+ 
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
}
.  
   $ 	
		  "   	 	 g
(1)
i (x0) = 0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  (μ1, λ1)  (μ2, λ2) ∈ Λ(f, h) 	
	 (
(1− t)μ1 + tμ2, (1− t)λ1 + tλ2) ∈ Λ(f, h),
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 t ∈ [0, 1]  
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((1− t)μ1i + tμ2i )g(q)i (x0) [h]q−1 +
m∑
j=1
((1− t)λ1j + tλ2j)F (p)j (x0) [h]p−1 = 0.
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q−1 , i ∈ I(x0) Fj(x0) [h]p−1 , j ∈
J 	+ 
 
	   (μ1, λ1)  (μ2, λ2) ∈ Λ(f, h) 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∑
i∈I(x0)
(μ1i − μ2i )g(q)i (x0) [h]q−1 +
m∑
j=1
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	
 μ1i = μ
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i  i ∈ I(x0)  λ1j = λ2j  j ∈ J
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p−1 y = 0, j ∈ J
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p−1 y = 0, j ∈ J
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Rm = Y1 ⊕ · · · ⊕ Yp,  !"1#
 Y1 = ImF (1)(x0)    
  &   	2
3& Z2  
  	 	 Y1   	  Rm  
Rm = Y1 ⊕ Z2
 PZ2 : R
m = Y1 ⊕ Z2 −→ Z2  	
 &  
PZ2(y) = z2,
 y = y1 + z2  y1 ∈ Y1  z2 ∈ Z2











, i = 2, ..., p− 1,  !""#
 Zi  
  	 	 Y1 ⊕ · · · ⊕ Yi−1   	  Rm i = 2, ..., p 
PZi : R
m = Y1 ⊕ Yi−1 ⊕ ...⊕ Zi −→ Zi
  	
 &  
PZi(y) = zi, i = 2, ..., p,
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φi(y) = PiF (y),
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 y = y1 + ...+ yi + ...+ yp	 yi ∈ Yi 
Pi : R
m = Y1 ⊕ · · · ⊕ Yp −→ Yi
  #$ Pi(y) = yi
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i−1 = PiF (i)(x0)[h]i−1.
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HF (x0) =
{
h ∈ Rn;φ(i)i (x0) [h]i = 0, i = 1, ..., p
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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 HF (x0) 
 
T MF (x0) = HF (x0).
A  B C . 4,3 .4599,
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 76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,   
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  "B,
 p = 2  	 2
+ Φ2(h) : Rn −→ Rm 	  @   
Φ2(h) = F
(1)(x0) + P
⊥F (2)(x0)h, h ∈ Rn,
 P⊥    	C  (ImF ′(x0))
⊥ 
h ∈ HF =
{
h ∈ Rn;F (1)(x0)h = 0, P⊥F (2)(x0) [h]2 = 0
}
.
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  4
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
    ? .@ 22,2 .499,
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 !  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  
C
H(x0) = {h ∈ Rn; ∃xh ∈ Rn, F (1)(x0)h = 0, F (1)(x0)xh + F (2)[h]2 = 0}
    *   C MF   C  ( :  	
x0 ! 4
 
H(x0) = T MF (x0).
  " $   4
  F  x0    FB  >? !
@  	   =>? 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 
H(x0) = T MF (x0),
 !    4
    FB  >? 	   
4








        	  	
		    	 	 	
  	

  	  
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
Lp : R
n × Rn × R+ × Rpn −→ R
  	 (3.52) ! "#$ 	 h ∈ Rn 	""!$		 	 #	 #	 	 %&$ 3.8 '







" λ0 = λ0(h)( λ = (λ1, ..., λp)  λi = λi(h), i = 1, ..., p.
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  				 p	 " 	 				 !)""$!	 *	 p = 1+
  	   ! p = 1 
Y1 = R
m  φ1 = P1F : R
n −→ Y1,
	 P1 : Rm −→ Y1   	  φ1 = F   !
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 ,-	 F ∈ C p+1 (U)+ ,#	 " * .$"	 h ∈ HF (x0)\ {0} 	 * F ' #	
 x0 ! "#$ 	 h+ /( .$" α0 > 0 "&!$  #*   	 	#$!	
y : (0, α0) −→ Rn 	 *
F (x0 + αh+ y(α)) = 0,
" ‖y(α)‖ = o(α)+
 	
+ 9: α > 0  h ∈ HF (x0)\ {0} 9	
    	 
! ‖h‖ = 1 
p∑
i=2
∥∥∥φ(i)i (x0)[h]i−1∥∥∥ < 1 4	  	 Λ : Bα (0) −→ 2Rn 
Λ(y) = y − {Φp(h)}−1 F (x0 + αh+ y),
	 Φp(h) : Rn −→ Rm   p  4	 3.8
-   :   	 Φp(h)    !  	
Λ 	  




 	   


  y1, y2 ∈ Bα(0)  H (Λ(y1),Λ(y2))  	
 	 Λ(y1)  Λ(y2)  	 
 H          2.6    2.4
	
H (Λ(y1),Λ(y2)) = inf {‖z1 − z2‖ ; zi ∈ Λ(yi), i = 1, 2} ,
   zi = yi − xi  xi  	   Φp(h)xi = F (x0 + αh+ yi).
! "# wi = F (x0 + αh+ yi) i = 1, 2 	
H (Λ(y1),Λ(y2)) = inf {‖z1 − z2‖ ; Φp(h)(yi − zi) = wi, i = 1, 2}
= inf {‖z1 − z2‖ ; Φp(h)(z1 − z2) = Φp(h)(y1 − y2) + w2 − w1}
≤ ∥∥{Φp(h)}−1∥∥ ‖w1 − w2 − Φp(h)(y1 − y2)‖ $%&'
≤ C sup
t∈[0,1]
∥∥∥Φ̂(t, α, y1, y2, h)∥∥∥ ‖y1 − y2‖ . $%('
 C =
∥∥{Φp(h)}−1∥∥ < ∞   )   2.7 
Φ̂(t, α, y1, y2, h) = F
(1)(x0 + αh+ y2 + t(y2 − y1))− Φp(h).
 	  ! (3.58)  (3.59) " 	 		  	 
 2.7  2.3
* +  ,  F (1) 	
F (1)(x0 + αh+ y2 + t(y2 − y1)) = F (1)(x0) + 1
2
F (2)(x0)[αh+ y2 + t(y2 − y1)] + o(α).
-!
∥∥∥Φ̂(t, α, y1, y2, h)∥∥∥ =









∥∥∥Φ̂(t, α, y1, y2, h)∥∥∥ =























∥∥∥Φ̂(t, α, y1, y2, h)∥∥∥ < 2α ∥∥F (2)(x0)∥∥+ p∑
i=2










o(α)− 2α ∥∥F (2)(x0)∥∥
α
= −2 ∥∥F (2)(x0)∥∥ < 0.

	  α  	 
o(α) < 2α
∥∥F (2)(x0)∥∥
  (3.60)	 
∥∥∥Φ̂(t, α, y1, y2, h)∥∥∥ < 4α ∥∥F (2)(x0)∥∥+ p∑
i=2
∥∥∥φ(i)i (x0)[h]i−1∥∥∥ . 
    (3.59)  (3.61)	 





























∥∥∥φ(i)i (x0)[h]i−1∥∥∥ < 1,
   α > 0     Φ    !
"  d(0,Λ(0))  #  0  Λ(0) $	 
d(0,Φ(0)) = inf {‖x‖ ; x ∈ Λ(0)}
= inf {‖x‖ ; Φp(h)x = F (x0 + αh)}
≤ ∥∥{Φp(h)}−1∥∥ ∥∥F (x0) + F (1)(x0)h+ o(α)∥∥
= o(α).
$	  α0 > 0       % 2.4 &  '
 ! y(α) : (0, α0) −→ Rn  
y(α) ∈ Λ(y(α)),
 	













     F ∈ C p+1 (U)  	
   h ∈ HF (x0)\ {0}   F  
 x0    h   w ∈ Rn\ {0}   F (1)(x0)w = 0 	  α0 > 0
		 	    y : (0, α0) −→ Rn  
F (x0 + αh+ α
3/2w + y(α)) = 0,
	 ‖y(α)‖ = o(α3/2)
 	
  ε = α3/2
 α ∈ R+
 h ∈ HF (x0)\ {0}  w = 0   F (1)(x0)w = 0
		 	
    
  ‖h‖ = ‖w‖ = 1 
p∑
i=2
∥∥∥φ(i)i (x0)[h]i−1∥∥∥ < 1
	  	 Δ : Bε (0) −→ 2Rn 	
Δ(y) = y − {Φp(h)}−1 F (x0 + αh+ α3/2w + y).
   		   	 	 	  	 	  		 	 
	 
     x0  	    (3.52) f ∈ C 2 (U)  F ∈ C p+1 (U)
 	
   h ∈ HF (x0)\ {0}   F    x0    h 	
f (1)(x0)h = 0.
 	
 	 	
 		  f (1)(x0)h < 0   		  	 	 ! 3.5

"   # x(α) = x0 + αh+ y(α)
 	 ‖y(α)‖ = o(α3/2)  
F (x0 + αh+ y(α)) = 0,
	 
 x(α)   $#  	 	 %3.52&
 	 	  "	  '(	  	 f  	  ) 	 	 f (1)(x0)h < 0

		  	 α > 0   	  
f(x(α)) = f(x0 + αh+ y(α)) < f(x0),




 	   


     	
 −f (1)(x0)h < 0  	
    −h  
F (1)(x0)(−h) = 0    


Λ(y) = y − {Φp(h)}−1 F (x0 − αh+ y)





 x : (0, α0) −→ Rn  	

x(α) = x0 − αh+ y(α)  F (x(α)) = 0.
        	
 f (1)(x0)h < 0    


   f (1)(x0)h = 0 
     x0  	
  
  (3.52) f ∈ C 2 (U)  F ∈ C p+1 (U)
    h ∈ HF (x0)\ {0}   F    x0    h 
 
 w ∈ Rn\{0}   F (1)(x0)w = 0 
f (1)(x0)w ≥ 0.
 	




   w = 0  	

F (1)(x0)w = 0  f
(1)(x0)w < 0 ! 
   3.6    
 

x(α) = x0 + αh+ α
3/2w + y(α)  ‖y(α)‖ = o(α3/2)  	

F (x(α)) = F (x0 + αh+ α
3/2w + y(α)) = 0.
"  
    3.7   f (1)(x0)h = 0   #  

f (1)(x0)w < 0 $





f(x(α) = f(x0 + αh+ α
3/2w + y(α)) < f(x0).
' (    x0  
 (     (3.52)   
 

   
 
   ) *     '(  %&+
	
    x0  	
  
  (3.52) f ∈ C 2 (U)  F ∈
C p+1 (U)     h ∈ HF (x0)\ {0}   F  p   x0  
  h   λi = λi(h) ∈ Yi, i = 1, ..., p  












 L (1)px (x0, h, 1, λ)   

 








 3.8 Y1 =
ImF (1)(x0) Yi, i = 2, ..., p−1  
$
   %3.55&  Yp    Rm = Y1⊕·· ·⊕Yp.
 	
        
  
   	

  %  ,
+-&
 .% 2.11/   
	
  
  F  x0    h     0  
 





 	   


Rm = Y1 ⊕ · · · ⊕ Yp,
  	
 	
Y1 ⊕ · · · ⊕ Yp ∼= Y1 × · · · × Yp.
	 		
   φi = PiF 
 i = 1, ..., p





i−1 ⊆ Yi, i = 1, ..., p 	      
	
F̃ (x0) : R
n × · · · × Rn︸ ︷︷ ︸
   
−→ Y1 × · · · × Yp,
 		  











 	  !	 	"	 	 	 #
f̃(x0) : R




f̃(x0)(x1, ..., xp) = f
(1)(x0)x1.
$
 f̃(x0)  F̃ (x0) 	 !
 	 	 	 	  %&	 #
 	 ' 	 	 (	 
)	*+,- (	 2.11
,& f̃(x0)(x1, ..., xp)











h ∈ HF (x0) ⇔ φ(i)i (x0)[h]i = 0, i = 1, ..., p
⇔ F̃ (x0)(h, ..., h) = 0
⇔ (h, ..., h) ∈ M
˜F (x0).
0		
 (h, ..., h)  !1  	 	 3.63   	
 	 	 	 0 3.8
 	
f̃(x0)(x1, ..., xp) = f
(1)(x0)x1 ≥ 0,












   3.7 	 (h, ..., h)  
    		  

f̃(x0)(h, ..., h) = f
(1)(x0)h = 0.
 
  (h, ..., h)  			     		!
"  
	    	  





  C0    	#$  	  f̃(x0)  (h, ..., h)!  C0   















  C1    	#$ 





  % 2.14  	  
		   F̃ (1)(x0)(h, ..., h)

 
  	&  	!  	 ' 		  
  
	#(  	)
   		 

F̃ (1)(x0)(h, ..., h) = F̃ (x0).
* (w1, ..., wp) ∈ Y1 × · · · × Yp!   +	
 
 ImΦp(h) = Rm   
wi ∈ Yi i = 1, ..., p 	





i−1 zi = wi, i = 1, ..., p.
 
 









= (w1, ..., wp) .
" 	  %  ,
	- % 2.14  
C1 = KerF̃
(1)(x0)(h, ..., h).
*  % 2.15    C1  &	 
C∗1 = {(x1, ..., xp); (x1, ..., xp)(y1, ..., yp) = 0, ∀(y1, ..., yp) ∈ C1} ,
 (x1, ..., xp)(y1, ..., yp) =
p∑
i=1
xiyi  xiyi  
 	




 	   


   	 
  (x1, ..., xp) ∈ C∗1	 
(x1, ..., xp) ∈
[




F̃ (1)(x0)(h, ..., h)
]t
,
 	  −λi ∈ Yi, i = 1, ..., p	  λi = λi(h)	  
(x1, ..., xp) = −
[








F̃ (1)(x0)(h, ..., h)
]t





 F̃ (1)(x0)(h, ..., h)      
F̃ (1)(x0)(h, ..., h) =
⎡⎢⎣ φ
(1)






























































    C∗1      












p−1]t λp) ;λi ∈ Yi, i = 1, ..., p} .
    	   (x1, ..., x1) ∈ Rn × · · · × Rn	


















p−1]t λp)] (x1, ..., x1)









p−1]t λp) (x1, ..., x1)















































 2.6  	

(h, ..., h) ∈ C1   C1 = ∅ 
 
 
   
  
  ! "# $"% 

























 x ∈ MF = {x ∈ R4; x4 + x21 − x22 − x23 = 0, x23 − x21 − x22 = 0}. ,./0-
1
 F1(x) = x4 + x
2
1 − x22 − x23 
















 x0  56

F1(x) = x4 + x
2





3 − x21 − x22 = 0 ⇒ x23 = x21 + x22.
7










2 ≥ 0 = f(x0).

























2x1 −2x2 −2x3 1
−2x1 −2x2 2x3 0
]
⇒ F (1)(x0) =
[
0 0 0 1






2h1 −2h2 −2h3 0











  F   	 x0  










  R2 = Y1 ⊕ Y2 

	   


























2h1 −2h2 −2h3 0




0 0 0 0

















0 0 0 1




0 0 0 0




0 0 0 1



















  		 h ∈ HF (x0)\ {0} 	 ImΦ2(h) = R2 	  F   






⎤⎥⎥⎦ ∈ HF (x0) 		
P⊥F (2)(x0)h =
[
















∈ Y2 		  	






















































   λ1 = −1  β2 = 0
  	  	 	   	!   
 x0  
 	 	 	 	 	  	 		  (3.52)
  	   f ∈ C 2 (U)  F ∈ C p+1 (U)  	
	  F  p   x0 
  λi = λi(h) ∈ Yi, i = 1, ..., p  











   α > 0  	 θi =
2
i(i+ 1)
λi(h) ∈ Yi, i = 1, ..., p  
L (2)pxx (x0, h, 1, θ) [h]
2 ≥ α‖h‖2,
 		 h ∈ HF (x0)  
	 L (2)pxx (x0, h, 1, θ)  




p	  	   x 
	 x0   
 	 	 	 	 !	" (3.52)
" 		  	 	  	  #$	 %% #&'(( )		 	
	  	  *	 	  	 	!   +		
,	 -	 . 	 
 	  	 3.5 	  !  	 *	




 	 	 		 	 	
  	
 		 
 	 	 		
	 	
   	 
  	 
 	  		 		  
	  	
   
	 
  	 x ∈ Mg ∩MF ! "#$$
 Mg  MF %   (3.2)  (3.3)! &	!  	 		
 F  '	
 	  	#  	 
 (#" )	  	  	
 		
 
  '		   *	 (3.66) 	 	 
  '		#
&	  	 '		 	 		
 F  x0 '%	  +,-.  /-.  
		!  	 		&	!  *	 (3.66)  	 	 '	# *		 
&	 
 	  		 	 	  	!  	 &	

  	%	







   	 














  ! " 
#
  x0 	
 F " 	

 x0   




i (x0)z < 0, i ∈ I(x0) "#$0
Φp(h)z = 0, "#$1




 	   	   p = 1!  	 p	  '	 F (1)(x0)  	  &	
 &	 	 2	 	  & F
(1)





 x0 	 
 
  (
 (3.66)) f ∈ C 2 (U)) g ∈ C 2 (U) 
F ∈ C p+1 (U)% &	 
 	 $
 h ∈ HF (x0)\ {0} 





i (x0)h = 0) i ∈ I(x0)  f (1)(x0)h = 0% *  

⎧⎨⎩
f (1)(x0)d < 0
g
(1)
i (x0)d ≤ 0, i ∈ I(x0)
φi(x0)[h]
i−1d = 0, i = 1, ..., p,
"#$4
 φi(x0)[h]
i−1) i = 1, ..., p  #
  
 #
)   	 d ∈ Rn%
 	
%  	 z ∈ Rn  &  		 	 5%
 3.11# )	  d ∈ Rn
 	 
  	 (3.69)     f (1)(x0)(z + d) < 0# 5	  &	
 	 Φp(h) 	  	 		
  +	 3.6 	 & z + d!  	
	 &	 x(α) = x0 + αh+ α
3/2(z + d) + y(α)!  ‖y(α)‖ = o(α3/2)! 	 
F (x(α)) = F (x0 + αh+ α
3/2(z + d) + y(α)) = 0.
6 !  	 α > 0 %  	 
04
  	
    
g(x(α)) = g(x0 + αh+ α
3/2(z + d) + y(α)) ≤ 0.
   	
f(x(α)) = f(x0 + αh+ α
3/2(z + d) + y(α)) < f(x0),

  α > 0  
	     x0   
    (3.66)  	   (3.69)    
         
    (3.66)
  	
   x0  	
  
  (3.66) f ∈ C 2 (U) g ∈ C 2 (U)
 F ∈ C p+1 (U)     h ∈ HF (x0)\ {0}       
x0 g
(1)
i (x0)h = 0 i ∈ I(x0)  f (1)(x0)h = 0 !"  # μ = μ(h) ∈ Rs+ 














λj = 0  !
μigi(x0) = 0, i ∈ I. "!
 	
 #    $ 3.14   (3.69)    d ∈ Rn
%     $    &' $ 2.8!	 ( 




















%  	   (   h ∈ Rn (    
+    
 , 	    , 
*  
f (1)(x0)h = 0    
      ,  	

,   +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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  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-   
  	
    
&     /  *   	
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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
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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%  xi+1 = φi(xi, ui) i = 0, ..., N − 1
gi(ui) = 0 i = 0, ..., N − 1
K(x0, xN) = 0,
&'()*
 Φi : Rn × Rr −→ R φi : Rn × Rr −→ Rn gi : Rr −→ Rn  K : Rn × Rn −→ Rk 
+  + 
, xi ∈ Rn !    
   ui ∈ Rr !    
  
  N !  -
 	   %. 	
x = (x0, ..., xN) ∈ Rn(N+1)
  
 	
u = (u0, ..., uN−1) ∈ RrN .
/    	 (x0, u)   %. x %      xi i = 1, ..., N 
   !  
 xi+1 = φ(xi, ui)  + 	  0  
+  	 (x, u)     +$ +0  (x0, u) 1 	

 1$  ! $  +











   	 (x, u) 
 	      (3.72) 	
             	  
(x̂, û) 
 	   	
f(x̂, û) ≤ f(x, u) &'('*
    (x, u)   (3.72) 
   	 (x̂, û) 
 	
   	 
    	   (3.73)   
 (x, u)   (3.72)
34
  	
    
  	
	
F : Rn(N+1) × RrN −→ RnN × RmN × Rk

 
F (x, u) = (F (x, u), G(u), K(x0, xN)), 

F : Rn(N+1) × RrN −→ RnN
 
 
F (x, u) = (F1(x, u), ..., FN(x, u))

Fi+1(x, u) = xi+1 − φi(xi, ui), i = 0, ..., N − 1, 
G : RrN −→ RmN

 
G(u) = (g0(u0), ..., gN−1(uN−1)),
 			  	









 F (x, u) = 0
#
$ 	   	 % & 
	  			 


















































 (y, v) ∈ Rn(N+1) × RrN  	
	
∇F (x̂, û) : Rn(N+1) × RrN −→ RnN × RmN × Rk
 




    
∇Fi+1(x̂, û)(y, v) = yi+1 −∇xφi(x̂, û)yi −∇uφi(x̂, û)vi, i = 0, ..., N − 1,
∇Gi+1(û)v = ∇gi(ûi)vi, i = 0, ..., N − 1
 
∇K(x̂0, x̂n)y = ∇x0K(x̂0, x̂n)y0 +∇xNK(x̂0, x̂n)yN .
    	
   F   (x̂, û)  
 	 (y, v), (z, w) ∈ Rn(N+1) × RrN    
∇2F (x̂, û)(y, v)(z, w) = (∇2F (x̂, û)(y, v)(z, w),∇2G(x̂, û)(y, v)(z, w),∇2K(x̂, û)(y, v)(z, w)),
 
∇2Fi+1(x̂, û)(y, v)(z, w) = −∇2xxφi(x̂, û)yizi −∇2xuφi(x̂, û)yiwi
− ∇2uxφi(x̂, û)vizi −∇2uuφi(x̂, û)viwi, i = 0, ..., N − 1,
∇2Gi+1(û)vw = ∇2gi+1(ûi)viwi, i = 0, ..., N − 1
 
∇2K(x̂0, x̂n)yz = ∇2x0x0K(x̂0, x̂n)y0z0 +∇2x0xNK(x̂0, x̂n)y0zN
+ ∇2xNx0K(x̂0, x̂n)yNz0 +∇2xNxNK(x̂0, x̂n)yNzN
	
   	  	 	  	  (3.76)
L2 : R
n(N+1) × RrN × Rn(N+1) × RrN × R+ × Y −→ R
 
 
L2(x, u, h, v, α0, τ) = α0f(x, u) + F (x, u)τ1 + P∇F (x, u)(h, v)τ2,  !!"
  P : Y = RnN × RmN × Rk −→ (ImF (x, u))⊥  	#  	   τ = (τ1, τ2) ∈
ImF (x, u)× (ImF (x, u))⊥ $ 
   
	
	   		 	    
	
Ψ2(h, v) : R
n(N+1) × RrN −→ RnN × RmN × Rk
 
Ψ2(h, v) = ∇F (x̂, û) + P∇2F (x̂, û)(h, v).  !%"
& 
  '  3.3  
 F $ 	 	   (x̂, û)  	  
  (h, v) (
ImΨ2(h, v) = R
nN × RmN × Rk.  !)"
'  (x̂, û) $  


	 	  	  (3.76)   (
     (x̂, û) $  	 
*
 	  	  (3.72)    
 (3.79) $  	
 	 (h, v)  ( 
∇F (x̂, û)(h, v) = P∇2F (x̂, û)[(h, v)]2 = 0,
  α0 = 1   ∇(x,u)L2(x̂, û, h, v, α0, λ) = 0 
%
  	
    
   	 	
	 	  
 F  	 (3.76) 	 	 	
(x̂, û) 
 		  (h, v) 	  	
 			
	 
	  	  

 	 	  
		 		 	
 	 (x̂, û) 
!"	   	 (3.72) 	#   (ĥ, v̂) ∈ Rn(N+1) × RrN
#$  	 	
N(ĥ, v̂) : Rn(N+1) × RrN −→ RnN × RmN × Rk

N(ĥ, v̂)(h, v) = (x0, ..., xN−1, y0, ..., yN−1, z),
	 	  k = 0, ..., N − 1
yk = ∇2gk(ûk)v̂kvk,
xk = −∇2xxφk(x̂k, ûk)ĥkhk −∇2uuφk(x̂k, ûk)v̂kvk −∇2xuφk(x̂k, ûk)ĥkvk −∇2xuφk(x̂k, ûk)hkv̂k
	
z = ∇2x0x0K(x̂0, x̂N)ĥ0h0+∇2xNxNK(x̂0, x̂N)ĥkhN+∇2x0xNK(x̂0, x̂N)ĥ0hN+∇2x0xNK(x̂0, x̂N)h0ĥN .
 	 M(ĥ, v̂) : Rn × RrN −→ RnN × RmN × Rk  	 	 	# 

M(ĥ, v̂)(h0, v) = N(ĥ, v̂)(h0, h1, ..., hN , v),









∇xφs(x̂s, ûs)∇uφj(x̂j, ûj)vj +∇uφk−1(x̂k−1, ûk−1)vk−1.
 	 Q = {(u, v, w) ∈ RnN ×RmN ×Rk}  
   		 	 	 		
		
−(∇xφ0(x̂0, û0))tu0 + (∇x0K(x̂0, x̂N))tw = 0
ui − (∇xφi+1(x̂i+1, ûi+1))tui+1 = 0, i = 0, ..., N − 2
uN−1 + (∇xNK(x̂0, x̂N))tw = 0
−(∇xφi(x̂i, ûi))tui + (∇gi(ûi))tvi = 0, i = 0, ..., N − 1.
	  P  	  	  	 "	 Q ⊂ RnN × RmN × Rk
 ImP = Q
%&
  	
    
  Bi i = 0, ..., N − 1  	





Bi = ∇xNK(x̂0, x̂N)∇xφi(x̂i, ûi)∇xφi+1(x̂i+1, ûi+1)...∇xφN−1(x̂N−1, ûN−1)∇uφi−1(x̂i−1, ûi−1)
BN = ∇xNK(x̂0, x̂N)∇uφN−1(x̂N−1, ûN−1)







B0 B1 · · · BN





0 0 · · · ∇gN−1(ûN−1)
⎤⎥⎥⎥⎦ ,
  	 0   	
    		
  L  	








  dim(kerL)   
      	 (h0, v)    
L(h0, v) = 0.
     (h, v) ∈ Rn(N+1) × RrN 	  
l = n+ rN −mN − k,  !

 l = dim(KerL)	    F    (x̂, û)  
  (h, v)	
"	 
	    	
	  #$ % #&&''
	
    (x̂, û)  

    (3.72) Φi ∈ C 2 (Rn × Rr) φi ∈
C 3 (Rn × Rr) gi ∈ C 3 (Rr) i = 0, ..., N − 1  K ∈ C 3 (Rn × Rn)	  
   

(ĥ, v̂) ∈ Rn(N+1)×RrN      (3.80)  







P 2i ∇2gi(ûi)v̂iv̂i = 0
∇xφi(x̂i, ûi)ĥi = ĥi+1 −∇uφi(x̂i, ûi)v̂i
P 3∇2x0x0K(x̂0, x̂n)ĥ0ĥ0 = −P 3∇2x0xNK(x̂0, x̂n)ĥ0ĥN
P 1i+1∇2xxφi(x̂i, ûi)ĥiv̂i = −P 1i+1∇2xuφi(x̂i, ûi)ĥiv̂i
− P 1i+1∇2uxφi(x̂i, ûi)v̂iĥi
− P 1i+1∇2uuφi(x̂i, ûi)v̂iv̂i
∇x0K(x̂0, x̂n)ĥ0 = −∇xNK(x̂0, x̂n)ĥN
− P 3∇2xNx0K(x̂0, x̂n)ĥN ĥ0




    
 
P 1i+1 : R
n −→ (Im∇F 1i+1(x̂, û))⊥ ,  
P 2i : R
m −→ (Im∇g1i (û))⊥  

P 3 : Rk −→ (Im∇K(x̂0, x̂N))⊥  
	
       β̂ ∈ Rk γ̂ ∈ Rk α̂ ∈ Rn(N+1) θ̂ ∈ RnN  μ̂ ∈ Rn  λ̂ ∈ Rn
  
α̂0 = (∇x0K(x̂0, x̂n))t β̂  
+
(
P 3∇2x0x0K(x̂0, x̂N)ĥ0 + P 3∇2x0xNK(x̂0, x̂N)hN
)t
γ̂
α̂i = ∇xHi(x̂, û, ĥ, v̂, α̂i+1, θ̂i), i = 1, ..., N − 1  	




P 3∇2xNx0K(x̂0, x̂N)ĥ0 + P 3∇2xNxNK(x̂0, x̂N)ĥN
)t
γ̂




λ̂i, i = 0, ..., N − 1,  
 
Hi : R
n(N+1) × RrN × Rn(N+1) × RrN × Rn × Rn −→ R
 
Hi(x, u, h, v, η, ν) = φi(xi, ui)η − P 1i+1 (∇xφi(xi, ui)hi +∇uφi(xi, ui)vi) ν, i = 0, ..., N − 1
 	     (3.72)
 	
       (3.76)   
     ! (3.72) "# $ %  (y, w) ∈ Rn(N+1)×RrN  (ĥ, v̂)
  &%'$ % (  % ) *   (3.78)  )
 +
Ψ2(ĥ, v̂)(y, w) = ∇F (x̂, û)(y, w) + P∇2F (x̂, û)(ĥ, v̂)(y, w)
= (∇F (x̂, û)(y, w) + P 1∇2F (x̂, û)(ĥ, v̂)(y, w),
∇G(û)w + P 2∇2G(û)v̂w,
∇K(x̂0, x̂N)(y0, yN) + P 3∇2K(x̂0, x̂N)(ĥ0, ĥN)(y0, yN)),

∇F (x̂, û)(y, w) + P 1∇2F (x̂, û)(ĥ, v̂) =
=
(
∇F1(x̂, û)(y0, w0) + P 11∇2F1(x̂, û)(ĥ0, v̂0)(y0, w0), ...,
	
  	
    
∇FN(x̂, û)(yN−1, wN−1) + P 1N∇2FN(x̂, û))(ĥN−1, v̂N−1)(yN−1, wN−1)
)
 
∇Fi+1(x̂, û)(yi, wi) + P 1i+1∇2Fi+1(x̂, û)(ĥi, v̂i)(yi, wi) =
= yi+1 −∇xφi(x̂i, ûi)yi −∇uφi(x̂i, ûi)wi−
−P 1i+1∇2xxφi(x̂i, ûi)ĥiyi − P 1i+1∇2xuφi(x̂i, ûi)ĥiwi−
−P 1i+1∇2uxφi(x̂i, ûi)v̂iyi − P 1i+1∇2uuφi(x̂i, ûi)v̂iwi,
∇G(û)w + P 2∇2G(û)v̂w =
=
(∇g0(û0)w0 + P 20∇2g0(û)v̂0w0, ...,
∇gN−1(ûN−1)wN−1 + P 2N−1∇2gN−1(ûN−1))v̂N−1wN−1
)
 
∇K(x̂0, x̂N)(y0, yN) + P 3∇2K(x̂0, x̂N)(ĥ0, ĥN)(y0, yN) =
= ∇x0K(x̂0, x̂N)y0 +∇xNK(x̂0, x̂N)yN+
+P 3∇2x0x0K(x̂0, x̂N)ĥ0y0 + P 3∇2x0xNK(x̂0, x̂N)ĥ0yN+
+P 3∇2xNx0K(x̂0, x̂N)ĥNy0 + P 3∇2xNxNK(x̂0, x̂N)ĥNyN .
  (y, w) = (ĥ, v̂)     	 
   
      (3.81)    		
  
(ĥ, v̂) ∈ HF (x̂, û) = {(h, v) ∈ Rn(N+1) × RrN ;∇F (x̂, û)(h, v) = 0, P∇2F (x̂, û)[(h, v)]2 = 0}.

 	     (3.80) 
         
 3.9  
    
F   !	 	  
 (x̂, û) 
 	    (ĥ, v̂)" #
   $ 	 
 3.12  %  τ̂ = (τ̂1, τ̂2) ∈
ImF (x̂, û)× (ImF (x̂, û))⊥   
∇(x,u)L2(x̂, û, ĥ, v̂, 1, τ̂) = ∇f(x̂, û) + (∇F (x̂, û))t τ̂1 +
(




 	  	  	  	   !	  

















P 1i+1∇Fi+1(x, u)(h, v)θi+1 +
N−1∑
i=0
P 2i ∇gi(u)vλi + P 3∇K(x0, xn)hγ,
 
τ1 = (α, μ, β) ∈ Im∇F (x̂, û)× Im∇G(û)× Im∇K(x̂0, x̂N)
 
τ2 = (θ, λ, γ) ∈ (Im∇F (x̂, û))⊥ × (Im∇G(û))⊥ × (Im∇K(x̂0, x̂N))⊥.
()
  	
    
 
∇x0L2(x̂, û, ĥ, v̂, 1, τ̂) = ∇xf0(x̂0, û0)− (∇xφ0(x̂0, û0))tα̂1 + (∇x0K(x̂0, x̂n))tβ̂
− (P 11∇2xxφ0(x̂0, û0)ĥ0 + P 11∇2xuφ0(x̂0, û0)v0))tθ̂1
+ (P 3∇2x0x0K(x̂0, x̂n)ĥ0 + P 3∇2x0xNK(x̂0, x̂n)ĥ0)tγ̂
= 0.
	
 α̂0 = ∇xH0(x̂, û, ĥ, v̂, α̂1, θ̂1) 
α̂0 = (∇x0K(x̂0, x̂n))tβ̂ + (P 3∇2x0x0K(x̂0, x̂n)ĥ0 + P 3∇2x0xNK(x̂0, x̂n)ĥ0)tγ̂
    

 (3.85)
 i = 1, ..., N − 1 
∇xiL2(x̂, û, ĥ, v̂, 1, τ̂) = ∇xfi(x̂i, ûi)− (∇xφi(x̂i, ûi))tα̂i+1 + α̂i
− (P 11∇2xxφi(x̂i, ûi)ĥi + P 11∇2xuφi(x̂i, ûi)vi))tθ̂i+1
= 0,
 		 





   i = 0, ..., N − 1 
∇uiL2(x̂, û, ĥ, v̂, 1, τ̂) = ∇ufi(x̂i, ûi)− (∇uφi(x̂i, ûi))tα̂i+1
+ (∇gi(ûi))tμ̂i + (∇2gi(ûi)v̂i)tλ̂i
− (P 1i+1∇2uxφi(ûi)ĥi + P 2i+1∇2uuφi(x̂i, ûi)v̂i))tθ̂i+1
= 0,
 




 (3.88)  	  
	 
   
  	




   Φi ∈ C 2 (Rn × Rr) φi ∈ C 3 (Rn × Rr) gi ∈ C 3 (Rr) i = 0, ..., N − 1
 K ∈ C 3 (Rn × Rn)  	

  	 







    
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
∇gi(ûi)v̂i = 0
P 2i ∇2gi(ûi)v̂iv̂i = 0
∇xφi(x̂i, ûi)ĥi = ĥi+1 −∇uφi(x̂i, ûi)v̂i
P 3∇2x0x0K(x̂0, x̂n)ĥ0ĥ0 = −P 3∇2x0xNK(x̂0, x̂n)ĥ0ĥN
P 1i+1∇2xxφi(x̂i, ûi)ĥiv̂i = −P 1i+1∇2xuφi(x̂i, ûi)ĥiv̂i
− P 1i+1∇2uxφi(x̂i, ûi)v̂iĥi
− P 1i+1∇2uuφi(x̂i, ûi)v̂iv̂i
∇x0K(x̂0, x̂n)ĥ0 = −∇xNK(x̂0, x̂n)ĥN
− P 3∇2xNx0K(x̂0, x̂n)ĥN ĥ0
− P 3∇2xNxNK(x̂0, x̂n)ĥN ĥN ,
 
     	
  P 1i+1 P
2
i  P
3     	        (3.82)
(3.83)  (3.84)  	 
  
 (3.80) 
       α > 0  

	
 τ̂ = (τ̂1, τ̂2)  	  (ĥ, v̂)   
τ̂1 = (α̂, μ̂, β̂) ∈ Im∇F (x̂, û)× Im∇G(û)× Im∇K(x̂0, x̂N),  
τ̂2 = (θ̂, λ̂, γ̂) ∈ (Im∇F (x̂, û))⊥ × (Im∇G(û))⊥ × (Im∇K(x̂0, x̂N))⊥,  




∇(x,u)L2(x̂, û, ĥ, v̂, 1, τ̂) = 0  

∇2(x,u)(x,u)L2(x̂, û, ĥ, v̂, 1, π̂)[(ĥ, v̂)]2 ≥ α‖(ĥ, v̂)‖2,  

	  (ĥ, v̂) ∈ Rn(N+1) ×RrN            (3.89)  (x̂, û)  
	      	   !
 (3.72)
 	
      (ĥ, v̂) ∈ Rn(N+1) × RrN 
     ! (3.89) 
(ĥ, v̂) ∈ HF (x̂, û) = {(h, v)Rn(N+1) × RrN ;∇F (x̂, û)(h, v) = 0, P∇2F (x̂, û)[(h, v)]2 = 0}
   " l = n + rN − mN − k #  $ 3.9  % & F ' 	"
 (x̂, û) #'   () (3.90) (3.91) (3.92) (3.93)  (3.94) % % 
* 3.13 %%+  (x̂, û) '   %    (3.76) 
 (x̂, û) '  % )    (3.72) 
, -% .//0 12%  % ! %3     
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  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 5 6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 f(x) = (f1(x), ..., f(x))
  
 ! ∈ M = Mg ∩MF  "#$%
 f : U −→ R &	' U ⊆ Rn   
  

Mg = {x ∈ U; gi(x) ≤ 0, i = 1, ..., s} , "#%

MF = {x ∈ U;F (x) = 0} , "#(%
 F : U −→ Rm  g : U −→ Rs  )	 &	'
*
 
K = {1, ..., } ,
I = {1, ..., s} ,
J = {1, ...,m} ,
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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
    (4.1)
  	

   x0 ∈ M  	
      	
  
   (4.1)    	 V  
  x ∈ M∩V x = x0
  fk(x) < fk(x0)  k ∈ K
  x0 ∈ M  	
     	
     (4.1)  
 	 V  
  x ∈ M ∩ V x = x0   fk(x) ≤ fk(x0)  k ∈ K
        k
  x0 ∈ M  	
      (4.1)    




  k0   fk0(x0) < fk0(x)  x ∈ M ∩ V  fk(x) < fk(x0).
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( W = {w ∈ R;wk ≥ 0, k ∈ K 
∑
k=1










   "  w ∈ W   wk ≥ 0 k ∈ K  x0   	
  
(4.4)# $
 x0  	
    (4.1)
  "  w ∈ W   wk > 0 k ∈ K  x0   	
   (4.4)# $
 x0
 	
     (4.1)#
  -  ./ 0 .1233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  #   $$#   %  		
 		 
  &	 
  	   x0  	
   		  	 4.1  
 	 
  	
    x0     θ ∈ R+\ {0}















j (x0) = 0,
μigi(x0) = 0, i ∈ I.
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	   &	 %   		
 		
0			 f(x) = (f1(x), ..., fl(x))
1	  x ∈ M = Mg ∩MF  2+* 
 Mg  MF 	   (4.2)  (4.3)  %	
3 &	 	 %    		  "  3 4& 

     x0  	





i (x0) = 0, i ∈ I(x0), r = 1, ..., q − 1, 2+, 

F (r)(x0) = 0, r = 1, ..., p− 1 2+. 
 p, q ≥ 2 #$   	    (4.5)   	 %	
#   
"   	 $  
" 	
   (4.6)  (4.7)
3 
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	 	  	 	 	 


 	 x0   		 
    !"    x0

  h ∈ Rn #	$
  	   x0  	
   		  	 (4.5) f ∈ C 2 (U)
g ∈ C q+1 (U)  F ∈ C p+1 (U)     
 (4.6)  (4.7)  
 x0   h ∈ (Hg(x0) ∩HF (x0)) \ {0} 	   !" # $%	  x0  f (1)k (x0)h ≤ 0












p−1d = 0, j ∈ J
%&$'(
  	
 d ∈ Rn
 	
 )		  d ∈ Rn   		 	  (4.8)  * z ∈ Rn 





p−1 j ∈ J
		 	 	 / 3.1 		 	

  
. x : (0, α0) −→ Rn  
x(α) = x0 + αh+ α
3/2(d+ z) + y(α)  F (x(α)) = 0,
	  α0 > 0   	  ‖y(α)‖ = o(α3/2)$
, 	





 α > 0  	   x(α) = x0 +αh+α






	 	 	  2	  3	
  fk 
  k ∈ K 2	 	
fk(x(α)) = fk(x0 + αh+ α
3/2(d+ z) + y(α))
= fk(x0) + f
(1)
k (x0)(αh+ α
3/2(d+ z) + y(α)) + o(α3/2)





k (x0)(d+ z) + f
(1)
k (x0)y(α) + o(α
3/2)
≤ fk(x0) + αf (1)k (x0)h+ α3/2f (1)k (x0)(d+ z) +
∥∥∥f (1)k (x0)∥∥∥ ‖y(α)‖+ o(α3/2).
/		 	   f
(1)
k (x0)h ≤ 0  f (1)k (x0)d < 0 k ∈ K 		 	

 α > 0
 	  
fk(x(α)) = fk(x0 + αh+ α
3/2(d+ z) + y(α)) < fk(x0),
 	
	 *0  x0   		 
  	 	 1
	 (4.5)$ ,
	









	 	 		  (4.5)$
  
   x0  	
   		  	 (4.5) f ∈ C 2 (U)
g ∈ C q+1 (U)  F ∈ C p+1 (U)     





 		 	 		 	 	
  x0    	
 h ∈ (Hg(x0) ∩HF (x0)) \ {0} 	
     
   x0   f (1)k (x0)h ≤ 0


















p−1 = 0  
μigi(x0) = 0, i ∈ I.  
 	
 	 
   	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p−1d = 0, j ∈ J
 	  d ∈ Rn  	 		
 	 	

 	    		
 2.8
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 3.2 "	 
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  h ∈ Rn 		$' 	 "	 ()*+%,













 	   !  	   
  "# 
 (4.5) f ∈ C 2 (U)
  g ∈ C q+1 (U) $
   
  %  
&  (4.6)   (4.7)  
	 	
   x0    	

h ∈ Hg(x0)\ {0} 	
   '(  
   x0   f (1)k (x0)h ≤ 0 k ∈ K 	  	   	 
θ = θ(h) ∈ R+\{0} μ = μ(h) ∈ Rs+   λ = λ(h) ∈ Rm 	
   























  4.6) 	 q 
 	 ()#%,
9
 	 x0 

 
0 h ∈ Hg(x0)\{0} 	 		 	 
 0

	 f (1)1 (x0)h = 0 :
	! 	 ;
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k (x0)h ≤ 0 k ∈ K  		













 x ∈ Mg = {x ∈ R2; x1x2 + x21 ≤ 0}
 
>	<
 f1(x) = x1 − 2x2 f2(x) = x32 − x1 	 g(x) = x1x2 + x21 &	
		 
 "	 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f1(x) = x1 − 2x2 < 0
f2(x) = x
3
2 − x1 < 0
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Hg(x0) = {h ∈ R2;h21 + h1h2 = 0}.
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  ! 	 )	 4.3
* 		    	    	  	 	   	  	 	 
  +,- -- ./0 &		  	  	  	 	   	   
    1 	 	 
  	 	        
	  1 	
 	 	   1 	 	 	   
	  	 1   	 		  	 1    	 	 1  	
	 	 	 	   	  	 		 	 	   		   ! 
	 1 22) $     	 1  	    	 	 	 
	 	   !	   1   3 1 	     	 1 
 	 4	        		 		 	 	 1  
 	      	 5	     	  	  
  	

   C ⊆ Rn  	 	
		
   	  C  x0   		

	 
TC(C, x0) = {d ∈ Rn; ∃ (xn) ⊆ C  (tn) ⊆ R+\{0} 
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	 TC(C, x0)   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	  	 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	 C  		  C 	  		 	 TC(C, x0) 	 	  		
 	   	   !
"		 	  		   x0 ∈ Mg ∩MF  j, k ∈ K #	$
Mk = {x ∈ Rn; fk(x) ≤ fk(x0), x ∈ Mg ∩MF}, %&'()
Qj = {x ∈ Rn; fk(x) ≤ fk(x0), k ∈ K, k = j, x ∈ Mg ∩MF} %&'*)

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	 Mk  (4.12) 	 	 	
		 	 	 	  - .& ./! 0	 	 		 Qj  Q
 (4.13)  (4.14)  	 	 	 		 
 	 	 	
	  1  '!
  j, k ∈ J #	 	 	 	 	  	 		 Mk  Qj
L (Mk, x0) = {d ∈ Rn; f (1)k (x0)d ≤ 0, g(1)i (x0)d ≤ 0, i ∈ I(x0), F (1)(x0)d = 0} %&'/)

L (Qj, x0) = {d; f (1)k (x0)d ≤ 0, k ∈ K, k = j, g(1)i (x0)d ≤ 0, i ∈ I(x0), F (1)(x0)d = 0}.%&' )




L (M, x0) = {d ∈ Rn; f (1)k (x0)d ≤ 0, k ∈ K, g(1)i (x0)d ≤ 0, i ∈ I(x0), F (1)(x0)d = 0}.
 h ∈ Rn  k ∈ K #	 2#	 	  	
L (Mk, x0, h) = {d ∈ Rn; f (1)k (x0)d ≤ 0, g(q)i (x0)[h]q−1d ≤ 0, i ∈ I(x0), F (p)(x0)[h]p−1d = 0}.
  L (M, x0, h)  #	 		
L (M, x0, h) = {d; f (1)k (x0)d ≤ 0, k ∈ K, g(q)i (x0)[h]q−1d ≤ 0, i ∈ I(x0), F (p)(x0)[h]p−1d = 0}.
0 	  	 
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	
    	 p = q = 1
   L (Mk, x0, h)  L (Qj, x0, h)    
L (Mk, x0)  L (Qj, x0)
   
   	
T(Mk, x0) ⊆ L (Mk, x0), k ∈ K 

T(Qj, x0) ⊆ L(Qj, x0), j ∈ K. 









L (Mk, x0) = L (M, x0).
 







L (Qj, x0) = L (Q, x0).
(
   	
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(	
  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. (4.15)
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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 	  '	* ,
 	  	 -+)
7
 4  0# , (  &5  	  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*% (4.6)  '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 	*%  , (4.5)
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x1 + 2x2 − 1
]
	



















































































1 (x0) + θ2f
(1)
2 (x0) + μ1g
(1)
1 (x0) + μ2g
(1)
2 (x0) = 0
θ1 = θ2 = 0
M1 = Q2 = {x ∈ R2; x1 − x2 ≤ 0, x ∈ Mg}




1, x0) = TC(Q
2, x0) = {d ∈ R2; d1 = 0, d2 ≥ 0},
TC(M
2, x0) = TC(Q
1, x0) = {0},
L (M1, x0) = L (Q
2, x0) = {d ∈ R2; d1 − d2 ≤ 0},
L (M2, x0) = L (Q
1, x0) = {d ∈ R2; d1 + 2d2 ≤ 0}.




k, x0) = {0}
L (Q, x0) = {d ∈ R2; d1 + 2d2 ≤ 0, d1 − d2 ≤ 0} 
2⋂
k=1






L (M1, x0, h) = L (Q
2, x0, h) = {d ∈ R2; d1 ≥ 0, d1 − d2 = 0},
L (M2, x0, h) = L (Q
1, x0, h) = {d ∈ R2; d1 + 2d2 ≤ 0, d1 ≥ 0, − d1 + d2 ≤ 0}
L (M1, x0, h)
L (M2, x0, h)
TC(M
1, x0) = TC(Q
2, x0)  L (Q
2, x0, h) = L (M
1, x0, h),
TC(M
2, x0) = TC(Q
1, x0) ⊆ L (Q1, x0, h) = L (M2, x0, h),
L (M, x0, h) = {0} ⊆ TC(M1, x0)
L (Q, x0, h) = {0} ⊆ convTC(M1, x0).
TC(Mk, x0) ⊆ L (Mk, x0, h)
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(4.5)   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 (4.6)  (4.7)  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   (4.15)  (4.16)  
	    k0 ∈ K  h ∈ Rn\{0}    L (M, x0, h) ⊆ TC(Mk0 , x0)
 L (M, x0, h) ⊆ TC(Qk0 , x0) 
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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  h 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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  	 h      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 &
 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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 	   k0 ∈ K  h ∈ Rn\{0}
     x0  	
    	 (4.5) f ∈ C 1 (U)
g ∈ C q (U)  F ∈ C p (U)     
 (4.6)  (4.7)   

















p−1d = 0, j ∈ J
67*89
  	
 d ∈ Rn
 	
 :&  d ∈ Rn 
     (4.20) .
  
     
f
(1)
1 (x0)d < 0,
f
(1)
k (x0)d ≤ 0, k = 2, ..., l.









  , - (xn) ⊆ Mk0  (tn) ⊆ R+\{0}  
xn → x0 e tn(xn − x0) → d.
2 zn = tn (xn − x0) → d   ,  <=  f1 
tn(f1(xn)− f1(x0)) = f (1)1 (x0)tn(xn − x0) + o(‖xn − x0‖)tn
= f
(1)
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	
  n → ∞  (4.21)	 

tn(f1(xn)− f1(x0)) → f (1)1 (x0)d.
 f
(1)
1 (x0)d < 0  tn > 0   n ∈ N	  n0 ∈ N    
f1(xn) < f1(x0)	   n ≥ n0   
	  	 
     
f1(xn) < f1(x0) e fk0 (xn) ≤ fk0 (x0) ,
  n ∈ N
   n ∈ N	   
Kn = {k ≥ 2; fk (xn) > fk (x0)} ⊆ {2, ..., l}.
  Kn = ∅	   n ∈ N  	  Kn = ∅   n	   
 k ≥ 2	    k = k0	  fk (xn) ≤ fk (x0) ! 	 f1 (xn) < f1 (x0) 
     x0 "	 Kn = ∅
#  P  $  
    {2, ..., l}  
%  Ψ : N −→ P   Ψ(n) = Kn    P ! 	  
 




= {n ∈ N; Ψ(n) = K̂} !   K̂ = ∅
 Ψ(n) = Kn	   n ∈ N   
 (xn)n∈Ψ−1(̂K) ⊆ Mk0 
(zn)n∈Ψ−1(̂K) ⊆ Rn	   zn = tn (xn − x0) → d
	     &'  fk	   k ∈ K̂ 	 



































‖zn‖ > 0. ()**+
 	 n → ∞  (4.22)	 
 f (1)k (x0)d ≥ 0  	 f (1)k (x0)d = 0	 k ∈ K̂
,     &'  f1  fk	   k ∈ K̂ 	 
f1(xn)− f1(x0) = f (1)1 (x0)(xn − x0) + o1(‖xn − x0‖),










‖xn − x0‖ = 0 e limn→∞
ok(‖xn − x0‖)





tno1(‖xn − x0‖) = 0  lim
n→∞
tnok(‖xn − x0‖) = 0, k ∈ K̂




fk(xn)− fk(x0) = limn→∞
−f (1)1 (x0)tn(xn − x0)− tno1(‖xn − x0‖)
f
(1)






−f (1)1 (x0)tn(xn − x0)− tno1(‖xn − x0‖
)

















fk(xn)− fk(x0) = +∞,
     x0       (4.20) !   "! 
     "#    
        
 (4.5)      $            
           	"#  %
  	   x0  	
    	 (4.5) f ∈ C 1 (U)
g ∈ C q (U)  F ∈ C p (U)     
 (4.6)  (4.7)   




  	 k0 ∈ K 

















p−1 = 0 &'()*
μigi(x0) = 0, i ∈ I &'('*
θk > 0, k ∈ K. &'(+*
 	
 ,   - 4.4     (4.20) !   "! ,! 
   -    -. &- 2.9*   θ ∈ R+\{0} 


















/ μi = 0 i /∈ I(x0)   (4.23) 0 gi(x0) = 0, i ∈ I(x0)   (4.24)  










 	 	 (4.5)   q = 1 

    	  	   
  L (M, x0, h) = L (M, x0)
  




 	 k0 ∈ K  	  !
 	
 "  
#$%&
%  '(	 6    

0 = θ1f1(x0) + θ1f1(x0) + μ1g
(2)





















 )*  θ1 =
4
3
μ2 + μ1  θ2 =
2
3
μ2 &	 μ1 ≥ 0  μ2 ≥ 0 )	 	

















	  	 
  
 
* 	  	
 	 )  

*







   )*
 




 - 	 
   	 (4.5)   	   
 	
 "   
- !
  	   x0  	
   	 (4.5) f ∈ C 1 (U) g ∈ C q (U) 
F ∈ C p (U)     
 (4.6)    x0    h ∈ Rn\{0}












p−1d = 0, j ∈ J
./0
  	
 d ∈ Rn
 	
 1 	
  d ∈ Rn  	 
  








1 (x0)d < 0,
f
(1)
k (x0)d ≤ 0, k = 2, ..., l.
2 d ∈ L (Q, x0, h)  	 L (Q, x0, h) ⊆ convTC (Q1, x0) 
 	  d ∈ convTC (Q1, x0)
  (
 	 
- (dm) ⊆ convTC (Q1, x0)  
dm → d.
   m ∈ N ( (
	 3	













 		 	 		 	 	
   m ∈ N  k = 1, ..., km 	




(xnmk)n∈N ⊆ Q1  (tnmk) ⊆ R+\{0} 
 
xnmk → x0  tnmk (xnmk − x0) → dmk.
		 (xnmk)n∈N ⊆ Q1  	 
    x0 	





mk − x0) → dmk   






































‖znmk‖ ≥ 0.  !"




1 (x0)dmk ≥ 0.









1 (x0)dmk ≥ 0.  &"




1 (x0)d ≥ 0,
	  '  	(	  		 	 

 (4.26) 	  
	(	 
  	   x0  	
   	 (4.5) f ∈ C 1 (U) g ∈ C q (U) 
F ∈ C p (U)     
 (4.6)  (4.7)    x0   
h ∈ Rn\{0} 	  L (Q, x0, h) ⊆ convTC (Qj0 , x0)  	 j0 ∈ K   


















μigi(x0) = 0, i ∈ I
θk > 0, k ∈ K.
 
 )  *	 +	 , 	

















    
  
 L (Q, x0) ⊆ convTC (Qk0 , x0)   k0 ∈ K
  !	  " #
  $$%&
 '  	 !	(











































p−1 = 0 μi ≥ 0  μigi(x0) = 0

















































   x0   
,
 2







1 (4.5)    h ∈ Rn 7
  	#  !	
# 
#,5  # 























p−1 = 0 2:;3







   
F =
{
f ∈ C 2(U); x0  





(θ, μ, λ) ∈ R+ × Rs+ × Rm; (4.29) (4.30)  		  ‖θ‖ = 1
}

Λ(f, θ, h) =
{





 	  
 5  6 		 	  		 
 		

 x0 = 0  
 	  
	  
	   	 
	
		 (4.29)  (4.30) 
 		 	 	  !		  
 
	
	 "  		# $   	 
 
	 		  %&' (
  	
	
   	 









 h ∈ Rn  
  s ∈ K 


  !"s# $ 
%
  x0& 	

' 	





  (	  
K+ = {k ∈ K; θk > 0} ,
I+ = {i ∈ I(x0);μi > 0}







k (x0)& k ∈ K+  k = s& g(q)i (x0) [h]q−1& i ∈ I+& F (p)j (x0) [h]p−1& j ∈ J  

*









q−1 ws < 0, i ∈ I0
f
(1)








p−1 ws = 0, j ∈ J.
)*+,-
. 	 
 $ /$/,   	  
  $    0 
 		 
 12 3 1,344 5
  	  	  
 $ 		 
   $ 	 	  
	  $	6 (4.31) 	 	 
 












) ∈ Λ(f, h)  	 







	 s ∈ K+, ! (θ′, μ′, λ′) ∈ Λ(f, h), +







   ws ∈ Rn  	
    













































	  θs > 0   	  f
(1)









q−1 ws < 0, i ∈ I0
f
(1)








p−1 ws = 0, j ∈ J.

















p−1 = 0 "$%&#
  	
 (θ, μ, λ) ∈ Λ(f, h) 	  θk ≥ 0 k /∈ K+  μi ≥ 0 i ∈ I0    μi = 0
'  	  (θ′, μ′, λ′) ∈ Λ(f, h)   	
   "4.32#  (
 k0 ∈ {k ∈ K; θ′ > 0} 	 θ′k0 > 0   	)	  (θ′, μ′, λ′)  "4.32# 	*
 k0 ∈ K+   {k ∈ K; θ′k > 0} ⊆ K+ 	  {i ∈ I;μ′i > 0} ⊆ I+ 
	*  




) ∈ Λ(f, h)  Λ(f, h)       
 s  		  x0 		  s ∈ K+
 	
   s ∈ K+  +  )  +, -.s   ( 
x0   / 	   f
(1)






















  θ′ λ′  μ′    	    θ′s = 0 μ
′
i = 0   i /∈ I(x0) 0
    
 (4.31)   	
   	 	   	


















  θ′ λ′  μ′    	    θ′s = 0 μ
′






    	
   
max {|θ′k| ; k ∈ K} < min
{




max {|μ′i| ; i ∈ I+} < min {μi; i ∈ I+} .
	
θ′k + θk ≥ 0, k ∈ K

μ′i + μi ≥ 0, i ∈ I.
	 β =
∥∥θ′ + θ∥∥−1    β(θ′ + θ, μ′ + μ, λ′ + λ) ∈ Λ(f, h) 
 Λ(f, h)  	 

β(θ′k + θk) = θk, k ∈ K,
β(μ′i + μi) = μi, i ∈ I

β(λ′j + λj) = λj, j ∈ J.
  
  θ′s = 0  θs = 0 	
  β = 1  θ′ = 0 λ′ = 0  μ′ = 0
 	 
!	 " (θ′, μ′, λ′) ∈ Λ(f, h)  s ∈ K 
  θ′s = 0 #    
















































   f
(1)
k (x0) k ∈ K+  k = s g(p)i (x0)[h]p−1 i ∈ I+ F (p)j (x0) [h]p−1 j ∈ J 

		 			 
βθ′k = θk, k ∈ K+,
βμ′i = μi(h), i ∈ I+,
βλ′j = λj, j ∈ J.
$ 	  β(θ′, λ′, μ′) = (θ, λ, μ) 
 
1 =
∥∥θ∥∥ = ‖βθ′‖ = β ‖θ′‖ = β.
	 (θ′, λ′, μ′) = (θ, λ, μ)   	




 	 	 		 	 	
  q = p = 1    	
     K+      
		    
 
   s    	 
     	 	 !"	  #$$%& '( 
  #)*%  	




 	 	 		
	 	
.    ( 	 + ,	   	 	
  		-	
  
 	     		  -
 ( 		-	
    /  3.7&     
 		  0
 1	 3.12 	 23     
 	  -
	 
3	 f(x) = (f1(x), ..., fl(x))
   x ∈ M = Mg ∩MF , 45&667
 Mg  MF     (4.2)  (4.3)
 	&
   x0   	     (4.33)  F 		-	  x0&  
F 	-	  x0  	  h ∈ HF (x0)\{0}
 	 	  23 
     (4.33)





k (x0)h = 0
 k ∈ K& '
 	3  	 f (1)k (x0)h ≤ 0
 k ∈ K  8
 	  		  	    	   

 	    	  	 
 		  	 
1	 3.15 	 	 &
  	   x0  	
   		  	 (4.33) f ∈
C 2 (U) g ∈ C 2 (U)  F ∈ C p+1 (U)     h ∈ HF (x0)\ {0} 	  
 ! "   x0 g
(1)




k (x0)d < 0, k ∈ K
g
(1)




i−1 d = 0, i = 1, ..., p,
45&657
 φi(x0)[h]
i−1 i = 1, ..., p        	
 d ∈ Rn
 	
   z ∈ Rn  	 3  /  3.11&    d ∈ Rn
(     (4.34)   	  f
(1)
k (x0)(z + d) < 0
 k ∈ K& / 8
 	-	  F  x0  	  h ∈ HF (x0)\{0}   9 3.6
 ( 
		 α0 > 0      	 x : (0, α0) −→ Rn  
x(α) = x0 + αh+ α
3/2(z + d) + y(α)  F (x(α)) = 0,




 	 	 		 	 	
  	
    fk   k ∈ K   	 		 f (1)k (x0)h ≤ 0 
f
(1)
k (x0)d < 0 k ∈ K 	  α > 0 	   
fk(x(α)) = fk(x0 + αh+ α
3/2(z + d) + y(α)) < fk(x0).





   x0  	
   		  	 (4.33) f ∈
C 2 (U) g ∈ C 2 (U)  F ∈ C p+1 (U)     h ∈ HF (x0)\ {0} 	  
 ! "   x0 g
(1)
i (x0)h = 0 i ∈ I(x0)  f (1)k (x0)h ≤ 0 k ∈ K # 


















λi = 0  !"#
μigi(x0) = 0, i ∈ I.  !$#
 	
 %     4.9  		 (4.34) 
  	
 d ∈ Rn
    &'  ()  2.8# 	 θ ∈ R+\{0} μ = μ(h) ∈ Rs0+



















* μi = 0 i /∈ I(x0) +	 (4.35) , gi(x0) = 0, i ∈ I(x0) 	 (4.36)  
  ' 
  	 	 	  	
   		  -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